Example 6.
Ill-posedness in the sense of 
Hadamard
In the previous example, we introduced the notion of well-posedness in the sense of Tikhonov for extremum problems, which means that every minimiz​ing sequence converges to the optimal control. There is an essentially dif​ferent notion of well-posedness in the theory of differential equations which implies the existence of a unique solution with continuous dependence on certain parameters. A similar property is also meaningful for optimization.
In what follows, we consider a uniquely solvable optimal control problem with optimality criterion containing a certain parameter. We will show that the dependence of the corresponding optimal control on this parameter is not continuous. This means that the problem is not well-posed in the sense of Hadamard. In this case, small errors in determining the parameters of the problem and various errors associated with the algorithm may lead to very substantial errors in the results of solution.
We reveal the relationship between the notions of well-posedness in the sense of Hadamard and well-posedness in the sense of Tikhonov. Using this relationship, it is possible to prove that an extremum problem is well-posed in the sense of Hadamard and perform the regularization of ill-posed problems. An example of the optimal control problem well-posed in the sense of Hadamard is presented.
6.1.    PROBLEM FORMULATION

Let the state of the system be described by the Cauchy problem
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 (6.1)
The control и = u(t) is assumed to belong to the set
U = { u(L2(0,1) |  | u(t) | ( 1 ,  t((0,1) }.
The optimality criterion is denned by the formula
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where yk(t)=(kπ)-1sinkπt and k is a parameter.
Problem 6. Find a control u(U minimizing the functional Ik on U.

Remark 6.1. For x = 0, this problem coincides with Problem 5 (up to the constant coefficient of the integral). In Problem 6, it is required to find an admissible control such that the system state at this control is as close to the given state уk  as possible.
The specific feature of this problem is the presence of a parameter. In fact, it is not a single problem but a set of optimization problems. It is required not only to find the corresponding optimal control, but also to investigate the dependence of this control on the parameter k.
6.2. ILL-POSEDNESS IN THE SENSE OP HADAMARD
We now solve Problem 6 directly. The functional to be minimized is non-negative. It vanishes only if x(t)=yk(t). Substituting this value into (6.1), we find the function
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Since this control is admissible, we conclude that it is a unique solution of Problem 6.
Conclusion 6.1.  The problem of minimizing the functional Ik on U has a unique solution uk.

Remark 6.2. It is easy to prove that the maximum principle for Prob​lem 6 is a necessary and sufficient optimally condition, the corresponding optimal control being singular.
Passing to the limit in the formula for the optimally criterion, we find the limit
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The problem of minimizing the functional I∞ on U, which almost coincides with Problem 5, has a unique solution u∞ = 0.
It is required to find out whether the sequence of solutions {uk} converges to the solution u∞ of the limit problem. We have
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Hence, the control u∞, which is optimal for the limit problem, is not the limit of the sequence of solutions {uk}.
Conclusion 6.2. The dependence of the solution of Problem 6 on the parameter к is not continuous.
The obtained result represents another serious obstacle in the investiga​tion of extremum problems. The optimal control problem is called well-posed in the sense of Hadamard if it has a unique solution with continuous depen​dence on the problem parameters.
Conclusion 6.3. Problem 6 is not well-posed in the sense of Hadamard.
The ill-posedness of Problem 6 in the sense of Hadamard and the diffi​culties associated with this have the following implications. In the setting of any applied optimal control problem, as well as any other applied problem, there are parameters that are determined in the experiment and therefore contain errors. If the problem is well-posed in the sense of Hadamard, small errors in the system parameters do not cause substantial errors in the opti​mal control. Otherwise, we have a very different situation.
We know that the function yk will be as close to y∞ = 0 as desired if k is sufficiently large. Assume that y∞ is the true value (in the natural setting of the problem) corresponding to the functional I∞. Suppose that the value yk obtained in the measurements is sufficiently close to y∞. Then, instead of the true functional I∞, we have to minimize the functional Ik sufficiently close to I∞. Although we expect that small errors in the input data cause only a small error in the optimal control, we obtain a solution uk of Problem 6 which differs much from the true optimal control u∞. This is the way substantial errors are introduced in the solution results when solving ill-posed problems in the sense of Hadamard.
Negative effects appear when solving ill-posed problems in the sense of Hadamard even in the case of no errors in the problem parameters. This is caused by errors introduced at various stages of the calculation procedure (calculating special functions, square roots, rounding, etc.). Small calcula​tion errors result in large errors in the solution since the problem is ill-posed.
Conclusion 6.4. The ill-posedness in the sense of Hadamard may cause serious difficulties in the practical solution of optimization problems.
Remark 6.3. An extraordinary kind of ill-posedness in the sense of Hadamard will be demonstrated in Example 8: changing a parameter in the functional to be minimized causes a change in the number of solutions of the boundary value problem corresponding to the system of optimality conditions.
Our next purpose is to find out what kind of problems is well-posed in the sense of Hadamard and what to do if a problem is ill-posed.
6.3.    WELL-POSEDNESS IN THE SENSE OF HADAMARD
Although there is an essential difference between the notions of well-posedness in the sense of Tikhonov and well-posedness in the sense of Hadamard, they have much in common. In particular, Problem 6 (which is ill-posed in the sense of Hadamard) is ill-posed in the sense of Tikhonov for every k. For this reason, we may expect some similarity in the methods of establishing the well-posedness of both types, as well as in the methods of solution.
Consider the problem of minimizing a functional Iμ on the set U, where μ is a parameter with values in a set M.
Theorem 9. Let the problem of minimizing the functional Iμ be well-posed in the sense of Tikhonov for every μ(M and let the mapping μ→Iμ(v)  be uniformly continuous on M with respect to v(U. Then the extremum problem is well-posed in the sense of Hadamard.

Proof. Consider an arbitrary sequence {μk} converging in M. There exists an element μ(M such that μk→μ. For brevity, we denote the functional Iμk by Ik and the functional Iμ by I.
Every well-posed problem in the sense of Tikhonov has a unique solution. Let uk and и be the solutions of problems of minimizing the functionals Ik and I on U, respectively. It suffices to prove that uk → и. We have
I(uk) - I(u) = [I(uk) - Ik(uk)] + [Ik(uk) - Ik(u)] + [Ik(u) - I(u)].
Since uk and и are the solutions of the corresponding extremum problems, we obtain
0 ( Ik(u) – I(u) ,     Ik(uk) – Ik(u) ( 0 .
Hence,
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The mapping μ→Iμ being uniformly continuous on M with respect to v(U the expression in the right-hand side of this inequality tends to zero. Hence, I(ик) →I(u). Therefore, {uk} is a minimizing sequence for the functional I=Iμ.
By assumption, the problem of minimizing the functional Iμ is well-posed in the sense of Tikhonov. Then the minimizing sequence {uk} converges to the optimal solution u. Thus, the convergence of the parameters μk→μ im​plies the convergence of solutions of the corresponding extremum problems. We conclude that the problem is well-posed in the sense of Hadamard.
Conclusion 6.5. The proof of the well-posedness of the optimization problem in the sense of Hadamard is mostly reduced to the proof of well-posedness in the sense of Tikhonov for the fixed parameter values.
Another conclusion is that the regularization methods used for solving ill-posed problems in the sense of Tikhonov can be applied in the practical solution of ill-posed problems in the sense of Hadamard.
6.4.    A WELL-POSED OPTIMIZATION PROBLEM

Consider the set
U = { u ( L2(0,1) |  | u(t) | ( 1,  t((0,1) }.
and the functional
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where у is a known square-integrable function and the system state x is related to the control by the formulas
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Problem 6'. Find a control u(V minimizing the functional Iy on U.
Problem 6' is well-posed, which can be established the same way as for Problem 5'. For any values of у and z, we have
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Hence, if у and z are sufficiently close to each other, so are the corresponding values of the functional, the proximity being of the same order for every control. It follows that the assumptions of Theorem 9 hold.
Conclusion 6.6. Problem 6' is well-posed in the sense of Hadamard.
SUMMARY

The analysis of this example yields the following conclusions.
1. The dependence of the solution on the problem parameters in op​timal control problems may be not continuous.   This is caused by ill-posedness in the sense of Hadamard.
2. Optimal control problems that have a unique solution may be ill-posed in the sense of Hadamard.
3. In ill-posed problems in the sense of Hadamard, small errors in the system parameters may lead to substantial errors in the solution re​sults.
4. In ill-posed problems in the sense of Hadamard, small errors related to the algorithm procedure may lead to substantial errors in the solution results.
5. There is a relationship between well-posedness in the sense of Hadamard and well-posedness in the sense.
6. Regularization methods can be used for the practical solution of ill-posed problems.
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